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Problem 1

We would like to determine whether the following states are entangled and express them in the Schmidt

basis: |ψ〉 =
∑

k

√
σk |k̃〉 |˜̃k〉.

Part A

We can express the state in Schmidt form by just factoring the state in the following way:

|ψa〉 =
1

2
(|00〉 − |01〉+ |10〉 − |11〉)

|ψa〉 =
1√
2

(|0〉+ |1〉)⊗ 1√
2

(|0〉 − |1〉)

|ψa〉 = |+〉 |−〉

This state is clearly not entangled as we just showed that it was separable into a single tensor product
and only has one non-zero Schmidt coefficient.

Part B

We are interested in the state |ψb〉 = 1√
6
|00〉 + 1√

3
|01〉 + 1√

6
|10〉 − 1√

3
|11〉. We can construct the

following coefficient matrix:

A =

 1√
6

1√
3

1√
6
− 1√

3


Since this matrix is not symmetric, then we want to perform a singular value decomposition in order
to express |ψb〉 in Schmidt form. This is a decomposition of the form A = UΣV † where Σ is a diagonal
matrix, and U and V are unitaries.

A†A =

 1√
6

1√
6

1√
3
− 1√

3

 1√
6

1√
3

1√
6
− 1√

3

 =

 1
3 0

0 2
3


The singular values are therefore

√
σ0 = 1√

3
and
√
σ1 =

√
2
3 . The columns of V are the eigenvectors

of A†A, which we can now calculate.
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σ0 = 1
3 Case:

(A†A− σ0I)v0 =

0 0

0 1
3

 v0 = 0 =⇒ v0 =

1

0


σ1 = 2

3 Case:

(A†A− σ1I)v1 =

− 1
3 0

0 0

 v1 = 0 =⇒ v1 =

0

1



Therefore we have that V =

1 0

0 1

 = I. We can calculate U by finding the eigenvectors of AA†.

σ0 = 1
3 Case:

(AA† − σ0I)v0 =

 1
6 − 1

6

− 1
6

1
6

 v0 = 0 =⇒ v0 =
1√
2

1

1


σ1 = 2

3 Case:

(AA† − σ1I)v1 =

− 1
6 − 1

6

− 1
6 − 1

6

 v1 = 0 =⇒ v1 =
1√
2

 1

−1



Therefore we have that U =

 1√
2

1√
2

1√
2
− 1√

2

 = H. This gives us the singular value decomposition:

A =

 1√
2

1√
2

1√
2
− 1√

2

 1√
3

0

0
√

2
3

1 0

0 1


This is useful because we had the state in the form |ψ〉 =

∑
ij aij |i〉 |j〉 and we found the SVD of the

A matrix, allowing us to express aij =
∑

k uik
√
σkv

†
kj . Therefore,

|ψ〉 =
∑
ijk

uik
√
σkv

†
kj |i〉 |j〉 =

∑
k

√
σk |k̃〉 |˜̃k〉

where |k̃〉 =
∑

i uik |i〉 and |˜̃k〉 =
∑

j v
†
kj |j〉. We have the following Schmidt basis states:

|0̃〉 =
1√
2

(|0〉+ |1〉) = |+〉

|1̃〉 =
1√
2

(|0〉 − |1〉) = |−〉

|˜̃0〉 = |0〉

|˜̃1〉 = |1〉
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Therefore we can finally express the state in the following way:

|ψb〉 =
1√
3
|+〉 |0〉+

√
2

3
|−〉 |1〉

This state is clearly entangled as there are two non-zero Schmidt coefficients and therefore the state
cannot be written as a single tensor product.

Part C

The state that we are interested in is |ψc〉 = 1
2 (|00〉 − i |01〉 + |10〉 + i |11〉). We can construct the

coefficient matrix as follows:

A =

 1
2 − i

2

1
2

i
2


We can perform a SVD in a similar fashion as was demonstrated in Part B with the difference that
we now have degenerate singular values. We get the following:

A =

 i√
2

1√
2

− i√
2

1√
2

 1√
2

0

0 1√
2

0 1

1 0


Therefore we can write the Schmidt basis states as follows:

|0̃〉 = − i√
2
|0〉+

i√
2
|1〉 = −i |−〉

|1̃〉 =
1√
2

(|0〉+ |1〉) = |+〉

|˜̃0〉 = |1〉

|˜̃1〉 = |0〉

The state is therefore the following in Schmidt form:

|ψc〉 =
1√
2

(−i |−〉 |1〉+ |+〉 |0〉)

This state is clearly entangled as there are two non-zero Schmidt coefficients.

Problem 2
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